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Pseudopotentials, Lax pairs and Backlund transformations for
some variable coefficient nonlinear equations

Sen-yue Lou

Institute of Modern Physics and Department of Physics, Ningbo Normal College, Ningbo
315211, People’s Republic of China

Received 31 October 1991

Abstract. Using the method developed by Nucci, we have obtained the pseudopotentials,
Lax pairs, Bicklund transformations and the singularity manifold equations of some
variable coefficient nonlinear equations. These equations are generalized Korteweg-de
Vries, generalized modified Korteweg-de Vries and generalized Boussinesq equations.

Nucci (1988) showed that if the equations satisfied by the pseudopotential (Wahlquist
and Estabrook 1975) are of Riccati type, then one can easily obtain both the Lax
equations and the auto-Bicklund transformation (auto-st) for the corresponding
nonlinear equations. Furthermore, i’ a pseudopotential « = u(x, t) has the form

u, = ku’+ Fy(q)u+ Fy(q) (1a)
0= G(u: q: QX! Q‘xx’-") (lb)

with k a constant and G a polynomial of second order in u, then the Lax equations
with dependent variable i+(x, t) and the singularity manifold equations with dependent
variable ¢{x, 1) can be obtained immediately by the transformations

2= —-,lz(ln e @)

from (1) and

¢ =/, (3)

from the Lax equations respectively (Nucci 1989). o, and o, in (3) are two linear
independent solutions of the Lax equations.

In this letter, we will apply the method to three variable coefficient nonlinear
equations. These equations are as follows,

(i) The generalized Korteweg-de Vries equation (GkdvE)

4 = e + 699, + (Fx+ G)g, +2Fg (4)

with F and G arbitrary functions of + When F and G tend to zero, (4) reduces back
to the well known Kdv equation; this is why we refer to (4) as the Gkave. Equation
(4) can be derived both from the similarity reductions of the Kadomtsev-Petviashvili
equation (kpe) {Lou et al 1991) and from the variable coefficient and non-isospectral
KdvE (Chan and Li 1989) (by taking K,= —1, K, = —G and F = k). The soliton solutions
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of (4) with time varying boundary conditions have been also studied by Chan and Li
(1989).
(ii) The generalized modified Korteweg-de Vries equation (GMKJVE)

ql=qxxxx_6q2q:t+(Fx+G)qx+Fq (5)
with F and G any two functions of ¢, Equation (5) can be obtained by a generalized
Miura transformation

g=—q"—¢q (6a)

qi=—(2q+Fx+G)q*+(2g.+ F)qg'— q(2q+ Fx+ G) — g (66)
where ¢ and g’ satisfy the GkdvE (4) and GMKAJVE (5) respectively. When F=0, g =0,
{5) reduces to the Mkave and (6) reduces to a known Miura transformation.

(iii) The generalized Boussinesq equation (GBE)
Groex + 645+ 6G0 + 4y + QX+ ) g, +6F1q,+i2F x + F)q,,

+((TFi+ Fy )x +3iF Fy+3F ) g, +(8F1+2F,)g =0 (7)
with F, and F, two arbitrary functions of . Equation (7) can also be obtained from
the similarity reductions of the xpe. In Lou et al {1991}, by means of the similarity
reductions of the K PE, we have reported two nonlinear equations which possess different
forms from (4) and (7) but they are equivalent.

Following the method developed by Nucci (1988, 1989), we assume there exists a
pseudopotential u = u(x, ¢} which has the form

u, = ku’+ Fi(q, x, Yu+ Fo(q, x, 1) (8a)
ul = G(u, q’ x’ t’ qx: qxx' . ‘) - (Sb)

with G a polynomial of second order in u. Due to the coefficients of (4) being variable,
the independent variables (x, 1} appear explicitly in (8).

Starting from the integrability condition of (8), u,, = u,, when (4) is true, we get
a simple solution

u,=ku’+k Yg-A) (9a)
u,=k(2g+ Fx+4r+ G)u’ +(2g, + F)u+ k7 '(g—A1)2q+ Fx+4A+ G} — gy, (9b)

For simplicity, in the following calculation we take the spectral parameter A =0 and
the constant k= —1.

Now the Lax equations of the Gkdve {4) can be obtained easily by means of the
transformations (2) with k= —1. The result reads

e = — Qi (10a)

¥ =(2g9+ Fx+ Gy, —(g. +1F)y. (108)
Alternatively, if we introduce the linearizing transformation

u=0{0, (11)

oo A LAY rn omaldnle iln £l e T owr nrvismtinema dov thn rrre Fmren f Ahlasrits and
HISCAdU Q1 (4], WE UDLALLL UIC TULIUWILLE LdA CUUGLIULD L WG ARND JULLL QL AvIvw.lo ald
Segur 1981):

V,=AV (12a)
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where
0 _ -
v=(”‘) Az( ) (13, 14)
Ua g 0
and
+l — + —
B=( 4. +3F 929 wa:G) qxx)‘ (15)
2q+Fx+G —(gx +3F)

The Bicklund transformation {BT) of the GxdvE can also be obtained easily from
the pseudopotential u shown by (9). Another solution ¢* of {4) will have a pseudopoten-

tial u* such that from (9a) with k=—1
u¥=—u*—g* (16)

If we suppose

u¥=—u (17)
then (16) becomes
w,=u+g* (18)
Combining (9a) and (18) leads to
1 \:
q+q*= _E(J (g—gq") dx) (19)

the spatial part of the auto-sr; the temporal part of the auto-BT can be obtained
similarly but we omit it here.

Finally, because the pseudopotential of the GkdvE has the form (9a), the singularity
manifold equation with dependent variable ¢ = ¢(x, t) can be obtained both by the
transformation (3) through the Lax equations (10¢) and by the transformation

u= —%(ll'l ¢x )x (20)
through the pseudopotential equation (9) directly. The result reads
$/ b —{p;x}=Fx+G (21a)
where the spectral parameter has been taken as zero and
bo) L[\’
{d;x =(—) -\ (21b)
} D /x 2\

is the Schwartz derivative. Both (21b) and (21a) are invariant under a Mébius transfor-
mation (Weiss 1983). When F=0 and G =0, (21) is just the singularity manifold
equation of the KavE as expected.

As in the GKdJVE case, it is easy to obtain that the pseudopotential equations of
GMEKAVE (5) has the form

u,=u"—2uq (22a)

u, ={-2uq, —2uq" +(Fx+ Glu), (22b)

It is straightforward to get the Lax equations from (20) by transformation (2) with
k=1

Yex = '2‘]’%: (23(1)

W, =—2g.+q —2Fx—2G)y, (23b)
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or in the following AkNs system form:

-

(3) =(:f 2)(3) (24a)

(u.) _(—qu+2q3—2q(Fx+G)+%F 0 ) ”,

v/, 2¢,+2¢°—Fx—-G G —2q°+2g(Fx+ G)-iF/)’ (245)
Because there is no pseudopotential such that

ux=ku2+F0(qy x; t) (25)

with k constant is true, the singularity manifold equation of the GMKJVE cannot be
obtained by the transformation {20) but can be obtained by the trivial spectral function
itself (¢ = yr). That is to say, the singularity manifold equation of the GMKdvE can be
obtained by cancelling g in (23) directly:

ﬂ—{.p; x}=2Fx+2G. (26}

¥x
It is worth mentioning that the singularity manifold equation (26} of the GmMKkdvE and
that of the GkdVE possess the same form only for F =0 and G =0 even if the spectral
parameter has been taken as zero.
The Béicklund transformation of the Gmxdve can also be obtained from
pseudopotential equation (22) by assuming another solution g* of the GMKkJVE has a
pseudopotential u*®

ut=u**-2u*g*, (27)

By requiring that u™* = —u yields the following spatial part of an auto-rT of the GMKJVE:

q-q*:exp{—J(q+q*)dx}. (28}
As in the MK4VE case (Nucci 1989), an alternative pseudopotential can be given by

i, =i*+q,—g° (2%a)

4, =(2(q: — ¢°) i + gux ~ 244 + (Fx + G)id),. (29b)

It is quite interesting that the pseudopotential #(x, t} shown by (29) is also a solution
of the GMKaveE; in other words the pseudopotential equation {29) is also the auto-BT
equation of the GMKJ4vE at the same time. The singularity manifold equation (26) of
the GMKJVE can now be obtained by transformation (20) (with u - i, ¢ » ) thanks
to the fact that the pseudopotential has the form (29). Actunally, (20) is the same as
(23a) owing to the fact that i is really a solution of the cMkdve. Finally, a non-trivial
spectral function of (5) can be given by the linearization procedure of the pseodopoten-
tial equation (29)

fi=—(In §),. (30)
The final Lax equations read
'ﬁxx=—(qx_q2)d; (31“)

By = 2ge = @+ 5Fx +1G) s — (G — 20, + 1 F)Y (31b)
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or the Lax equations in the AkNs form which are obtained from # = 6,/ 8.
A 0 2 ~
(£ 2
Uaf 1 0 Uy
and

(2) o 9w—249:43F 2(qx—q2)2+(Fx+G)(qx*q2)+q,m—2qi-2qqx,\
\v./, \-2¢,-2¢°-Fx-G —Gu +2gq, —LF );

x(v])s. (32b)
Uy

Although the Boussinesq equation (BE) is not an evolution equation, all the
properties of an integrable model mentioned above can be obtained by the transforma-
tion =0 and y=r from the kpE (Nucci 1989). The results of the GBE {7) can be
obtained by extending the results of the BE. The pseudopotential reads

3 X
ux=u2+—?(d,x+§Fz)u+q+\—;—_j' u, dx (33a)
&) fx &) rx

V.

uw,= 5

e
qu+u J u, dx— Fu —‘;—" (Fix+3iF) J u, dx—vT (Fix+1F.Yu

3(~ V3
+Zj (q.+ F\q) dx"T g —#(Fyx+3F;)q. (33b)

Substituting the transformation (2) with k= —1 into (33), we obtain the Lax equations
of the GsE (7):

3 x
Yoo = —%q%—% U (¢.+Fiq) dx+x/§qx+(F1x+%Fz)q] Y+ Ay (34a)

¥ =3+ (-Fix—3F)y, +v3qy (34b)

where A is the arbitrary spectral parameter. Although we can linearize the Gee by
means of the second-order scattering problem

Y = ayy _ (35a)
¥, = by + o (35b)

as in the BE case, it is not possible, however, to introduce an arbitrary spectrai parameter
A=a—q into (35) even for F,=0 and F,=0 (Weiss 1983).

By means of the transformation (3}, we have the singularity manifold equation of
the GBe (7);

[{¢;x}+% d’fﬂ +(%) +(2F1x+F2)(-}b—') +2R, %
L < dx  N¥x/ ANWx/ x x

+IF(Fix+3iF)+(Fx+31F,)=0 (36)

which is invariant under a Mobius transformation and will reduce to the singularity
manifold equation of the s when F,=0 and F,=
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In order to obtain the Bécklund transformation of the GBE, we write the .
pseudopotential u* for another solution of the GBE g* as

uf=u*z—?(F,x+%F2)u*+q*—?-[ u¥ dx {(37a)
3 x x
uf =-\g—-_q*u*+u* J ufdx— F,u*+-\;—§(F1x+§F2) J. uf d:c+~-~';E (Fix+3F)*u*

3(~ V3
+ZJ' (q;k+qu*) dx""I‘If—%(le'*'%Fﬂq* (37b)

which is equivalent to (33) because the Gae (7) is invariant under t> ¢, F,» —F, and
F,»-F,.

After substituting 4™ = —u into (37a2) and combining with (33a), we have the spatial
part of the auto-BT of the GBE immediately:

(Q-Q*Y+2(Q.+ Qf)+% J (G —-0QF dX+? (Fix+3:F)(Q-Q*) =0 (38)
with
Q= I g dx and Q*= J‘ g* dx. (39)

Starting from the pseudopotentials which are of Riccati type, we obtain the Lax
equations, auto-BT and the singularity manifold equations of three variable coefficient
completely integrable nonlinear equations; GKJve (4), GmkdvE (5) and GaE (7). These
equations can be obtained by the similarity reductions of the kpE (equations (4) and
(7)) or by a generalized Miura transformation (equation (5}). All the results reduce
back to the results of the usual Kdave, MKdvE and BE (Nucci 1989) when the variable
coefficients—some arbitrary functions of t—tend to zero.

In Weiss ef al (1983) the Painlevé property for partial differential equations was
established. The Lax pairs, auto-BT and singularity manifold equations etc can also
be obtained from the Weiss configuration efficiently, but here we do not discuss this
method further. There exist various other interesting properties such as infinite con-
servation quantitites, bilinear forms, prolongation structures etc; we will discuss these
properties elsewhere in further investigations of these models.

This work was supported by NSF in China. The auther would like to thank Professors
G-j Ni, D-f Chen, Doctors G-x Huang, H-y Ruan and W-z Chen for helpful discussions.
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